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Abstract 

We study the relations between all the vacua of Lorentzian and Euclidean d = 
4, 5, 6 SUGRAs with 8 supercharges, finding a new limiting procedure that takes 
us from the over-rotating near-horizon BMPV black hole to the Godel spacetime. 
The timelike compactification of the maximally supersymmetric Godel solution of 
N = l,d = 5 SUGRA gives a maximally supersymmetric solution of pure Euclidean 
N = 2,d = 4: with flat space but non-trivial anti-selfdual vector field flux (flacuum) 
that, on the one hand, can be interpreted as an U{1) instanton on and that, on 
the other hand, coincides with the graviphoton background shown by Berkovits and 
Seiberg to produce the C-deformation introduced recently by Ooguri and Vafa. We 
construct flacuum solutions in other theories such as Euclidean type IIA supergravity. 
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1 Introduction 

There has been much progress recently in the classiflcation of supersymmetric vacua in 
c? = 4, 5, 6 Lorentzian supergravities (SUGRAs) with eight supercharges PflEl El El and in 
the study of their relations via dimensional reduction and oxidation 0101 • The study of 
these theories and their supersymmetric vacua is interesting not just as warm-up exercise 
for the more complicated cases of interest in string theory but also because these theories 
arise in dimensional reductions of 10- dimensional superstring effective theories and the 
solutions found can be uplifted to full 11- or 10-dimensional M/string theory vacua still 
preserving a large amount of supersymmetry. 

It is in this way that the supersymmetric Godel spacetime solutions of M/string theory 
have been found: as a maximally supersymmetric vacuum of A^ = 1, = 5 SUGRA which 
could be uplifted to 10 and 11 dimensions Many higher- ^Uj and also lower- dimensional 
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[TT] examples of supersymmetric supergravity solutions with a spacetime geometry similar 
to the original 4- dimensional cosmological solution by K. Godel jT^j (henceforth referred to 
as Godel spacetimes) have been found after it was observed that Godel spacetimes are T- 
duals of Hpp-wave spacetimes^. This fact has raised many questions about the consistency 
of string theory in such spacetimes which, being supersymmetric vacua on which (for 
instance) black holes can be placed [121 HI] and on which strings may be quantized (TUl dl 
IT^ . have generically closed timelike curves (CTCs). This is one of the various pathologies 
of General Relativity that supersymmetry or string theory are supposed to cure, forbid 
or explain in a consistent way and a great deal of interesting work has been done in this 
direction P HH ED EZl EB] • 

The supersymmetric vacua of M/string theory provide an interesting arena on which to 
study the general problems of quantization on curved spacetimes, due to the high degree 
of (super) symmetry they have, which, through the definition of conserved (super) charges 
and symmetry (super) algebra, gives a good control and understanding of the kinematics 
of the field theories defined on them. The fact that the aDS/CFT correspondence "works" 
is largely owed to the coincidence of the symmetry superalgebras of the theories involved. 

The symmetry (super) algebras of the M/string theory vacua (and of the field theories 
defined on them) arise deformations of the symmetry (super) algebra of the original theory 
of which the vacua are classical solutions, which is in general the Poincare or anti-De 
Sitter (super) algebra. This suggests that quantization on curved backgrounds can be, 
at least in some cases, equivalent to quantization using a deformation of the standard 
Heisenberg algebra. In other words: quantum field theories in non-trivial backgrounds can 
be equivalent to certain non-commutative field theories. An example of this more general 
relation has been provided recently by Berkovits and Seiberg pH |H] who have found a 
background of Euclidean N = 2,d = A SUGRA whose symmetry superalgebra corresponds 
to the C-deformation introduced recently by Ooguri and Vafa We have rediscovered 
this background in our study of maximally supersymmetric vacua of c? = 4, 5, 6 SUGRAs 
with 8 supercharges, in relation with the Godel solution discussed above, as we are going 
to explain. 

Our goal in this paper is to complete our knowledge of the relations between the max- 
imally supersymmetric vacua of c? = 4, 5, 6 SUGRAs with 8 supercharges, extending our 
previous work [^j to Euclidean SUGRAs which arise in timelike dimensional reductions 
(see Figure P). Our main results are summarized in Figure El and include the identification 
of the above mentioned maximally supersymmetric graviphoton background of Euclidean 
N = 2,d = 4 SUGRA that cannot be obtained by Wick-rotating any known solution of 
the Lorentzian theory. This solution can be obtained by timelike dimensional reduction 
of the 5-dimensional maximally supersymmetric Godel vacuum and has a flat Euclidean 
space geometry in presence of a non-trivial anti-selfdual 2-form flux which has suggested 
the name flacuum solution for it. Solutions of this kind are just as generic as those of 

Godel spacetimes had previously been found as solutions of compactified string theory in ^1^^. More 
recent solutions of supergravities in various dimensions with Godel spacetimes have been constructed in 

m 
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Godel type since they can be obtained by timelike compactifications of these and we study 
some examples and, in more detail, the 4-dimensional one which can also be interpreted 
ClS db U{1) instanton over a T^. 

The existence of these solutions is due to the fact that the Euclidean "energy-momentum" 
tensor (the variation of the matter Lagrangian with respect to the metric) is not positive- 
or negative-definite and can vanish for non-trivial fields^. This vanishing can be due to a 
cancellation between "energy-momentum" tensors of different fields (as in the case of the 
Einstein-frame D-instanton solution j^Hl I2Z|) or to a cancellation between "electric" and 
"magnetic" components of a single field. In the case of a vector field in d = 4 Euclidean 
space, the "energy-momentum" tensor vanishes whenever the field strength is selfdual or 
ant i- self dual, as in the graviphoton background 15]. 

A standard procedure to construct Euclidean theories is to dimensionally reduce a 
Lorentzian theory in a timelike direction. This procedure avoids the difficulties of the 
Wick rotation of fermions and provides a mechanism to generate flacuum solutions from 
higher-dimensional Lorentzian solutions with metrics of the form 

ds"^ = {dt + Lu)^ - dxl , (1.1) 

which is precisely the general form of the supersymmetric Godel solutions studied in [TU] . 
This observation will allow us to construct fiacuum solutions in d = 10 dimensions. 

This paper is organized as follows: in SectionElwe summarize the dimensional reduction 
of standard (Lorentzian)^ = (1,0), d = 6 SUGRA in an arbitrary spacelike or timelike 
direction and its truncation to pure Lorentzian or Euclidean A^ = 1, ci = 5 SUGRA. 
In Section El we summarize the dimensional reduction of the Lorentzian and Euclidean 
A^ = l,d = 5 SUGRAs obtained in the previous section in an arbitrary spacelike or timelike 
direction and its truncation to pure Lorentzian or Euclidean N = 2,d = 4 SUGRAs. The 
details of these reductions are explained in Appendix but the all the main formulae 
necessary for oxidation and reduction of solutions are contained in the first two sections. 
Observe that, as shown in Figure ^ we obtain two different Euclidean N = 2,d = 4 
SUGRAs. These two theories are related by an analytical continuation of the vector 
field. In the next two sections ID and El we apply the results of the first two to maximally 
supersymmetric vacua of A^ = (1, 0), c? = 6 SUGRA to find maximally supersymmetric 
vacua of pure Euclidean and Lorentzian N = l,d = 5 and N = 2,d = 4 SUGRA. We only 
find one not previously known from the reduction of the Godel solution, which coincides 
with the graviphoton background of Seiberg and Berkovits [211 E] ■ This solution, with fiat 
space and constant anti-selfdual field strength, has interesting properties that we study 

^The roles and definiteness of the energy and action are interchanged when we go from Lorentzian to 
Euchdean signature. 

^There is no Euchdean continuation of the N — (1,0), d — 6 theory because the anti-selfduahty con- 
dition of the 3-forni field strength cannot be consistently defined in Euclidean signature. The minimal 
Euclidean SUGRA in six dimensions has not yet been constructed. It would be interesting to construct 
this theory since it must be related by spacelike dimensional reduction to the same Euclidean N = 1, d — 5 
SUGRA that we are going to obtain from timelike dimensional reduction. 
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in detail. In Section IHl we study more general flacuum solutions in higher dimensions. 
Section |H1 contains our conclusions. 




N=2, d=4 (L) 




N=2^d=4 (E) 




N=2^d=4 (E) 



Figure 1: Relations between the different Euclidean (E) and Lorentzian (L) d = 4,5,6 
SUGRA theories with 8 supercharges by timelike (t) or spacelike (s) dimensional reduc- 
tions. There is no Euclidean continuation of the Lorentzian N = {l,0),d = 6 theory, due 
to the anti-selfduality of its 3-form field strength, and there are two different Euclidean 
N = 2,d = 4 SUGRAs related by analytical continuation of the vector field. 



2 Dimensional reduction of = (1,0), = 6 SUGRA 
in the timelike direction 

= (1,0), (i = 6 SUGRA^, the minimal 6-dimensional SUGRA, consists of the metric 
e"^, 2-form field Bj^^ with anti-self-dual field strength = 3dB^ and positive-chirality 
symplectic Majorana-Weyl gravitino that can be described as a single, complex Dirac spinor 
satisfying a Weyl condition ip'-^. The bosonic equations of motion can be derived from the 
action 



S= / d'x^M R + UH-f , (2.1) 



imposing afterwards the anti-self-duality constraint *H = —H . The gravitino super- 
symmetry transformation rule is (for zero fermions) 

^Our conventions are essentially those of |H| which are those of |2S] with some changes in the nor- 
malizations of the fields. In particular, we use mostly minus signature and Latin (resp. Greek or un- 
derlined) letters for Lorentz (resp. curved) indices. Further, 77 = 70 •■■75, 77 — +1, i^^'^^'^^ = +1, 
^ai---a„ „ (z^J__£ai---a,ifci---')6-,.^.^ _ Positivc and negative chiralities are defined by 77'0^ — ztzjj^. 

We use the notation fa = l^Fta, f = I'^^Fab and = j'^^^Habc- 
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S^-^i^t = (Va - ^ ^-7a j e+ . (2.2) 

We can perform the dimensional reduction'' of = (1,0), J = 6 SUGRA in one di- 
mension can be performed simultaneously for the cases in which that dimension is timelike 
(f)jH = = +1) or spacelike (r^^j = = —1). The reduction gives = l,d = 5 
SUGRA (the minimal 5-dimensional SUGRA) (metric e°^, graviphoton and symplectic- 
Majorana gravitino that can be described as a single complex, unconstrained Dirac spinor 
V'/i j22j) coupled to a vector multiplet consisting of a gaugino A (the 6th component of 
the 6-dimensional gravitino, a real scalar (the KK one k) and a vector field W^. and 
are combinations of scalars, the KK vector field and the vector field that comes 
from the 6-dimensional 2- form B^. The identification of the right combinations is made 
by imposing consistency of the truncation to pure N = l^d = b SUGRA^. 

The result can be stated as follows: any solution of A^ = (1, 0), c? = 6 SUGRA satisfying 
the truncation constraints 

% = «6 , B~^_ = -^^Ml ' d^J = 0, (2.3) 

can be consistently reduced in the direction to a solution of pure (Lorentzian = 
— 1 or Euclidean ag = +1) N = l,d = 5 SUGRA whose bosonic action and gravitino 
supersymmetry transformation rule are given by 



S= I d^x^ 

and 



R+la,F^-a,j^^-f=FFV 



(2.4) 



Sei^a = { V„ - ^^afi^'^j, + 2jYa)Fhc} € . (2.5) 

with the same supersymmetries and with the same Killing spinor. The 5-dimensional fields 
are related to the 6-dimensional ones by 

g^lu = Qf^u - a&9ti^_9v'i , = - VSae^^^a . (2.6) 

Conversely, any solution of Lorentzian or Euclidean A^ = 1, = 5 SUGRA can be 
uplifted to a solution of Lorentzian N = {l,0),d = 6 SUGRA whose fields are given by 

2, 



(2.7) 



^In this section we use hats for 6-dimensional objects and no hats for 5-dimensional objects. In general 
we will use hats for higher-dimensional (d-dimensional) indices and no hats for d = d — 1-dimensional 
indices. The index corresponding to the dimension which is being reduced is jj which will be t in the 
timelike case or z spacelike case. Observe that, with our mostly minus convention we get a negative- 
definite d-dimensional metric in the timelike case rjab — fiat = —^at- 

*The details of this dimensional reduction and truncation are explained in Appendix 1X1 
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3 Dimensional reduction oi N = l^d = b SUGRA in 
the timelike direction 

The dimensional reduction of = 1, c? = 5 SUGRA in one dimension gives pure = 
2,d = 4 SUGRA (metric e"^, graviphoton and a pair gravitinos that can be combined 
into a complex Dirac spinor ip^j) coupled to a vector multiplet (a vector W^, a pair of scalars 
k and / and a complex gaugino A) [SD]- As in the previous case, the matter vector field 
is a combination of the scalars KK vector field and of the 5-dimensional vector that has 
to be identified studying the consistency of truncation in the action and supersymmetry 
transformation rules. 

We can reduce simultaneously both the Euclidean {oq = +1) and Lorentzian (ag = — 1) 
versions of A^ = l,d = 5 SUGRA and, further, we can do it in timelike {a^ = +1) and 
spacelike (as = —1) directions in one shot^. The result will be a Euclidean theory when 
ae^s = — 1 and a Lorentzian theory when a^a^ = +1. The reduction, identification of 
and consistent truncation of the vector multiplet are performed in detail in Appendix |X] 
and we obtain the following action and gravitino supersymmetry transformation rule 

S = J d^x^l [R+\aeF\V)] , 5,^, = {Va + f'{Vha}e. (3.1) 

These expressions exhibit a curious dependence on that indicates that we get two dif- 
ferent Euclidean theories depending on the order in which we have reduced in the spacelike 
and timelike directions: if we compactify first in a spacelike direction Oq = —1 to Lorentzian 
A^ = l,d = 5 SUGRA and then in a timelike direction to Euclidean N = 2,d = A SUGRA 
we get the same theory that we would obtain by Wick-rotating the Lorentzian theory 
considering the vector field as a tensor. If we compactify first in a timelike direction 
ae = +1 to Euclidean N = 1, d = 5 SUGRA and then in a spacelike direction to Lorentzian 
N = 2,d = A SUGRA we get the same theory that we would obtain by Wick-rotating the 
Lorentzian theory considering as a pseudotensor. These two Euclidean theories that we 
denote by A^ = 2Q,g , d = 4 are then related by an analytical continuation of the vector field 

This apparent contradiction in the results of the two compactifications in one timelike 
and one spacelike direction is related to the well-known fact that Wick rotations and Hodge 
duality (used in the reduction from d = 5 to d = 4) do not commute. 

The detailed calculations and results of the appendix imply that any solution of Eu- 
clidean (ag = +1) or Lorentzian (ag = ~1) N = l,d = 5 SUGRA satisfying the truncation 
constraints 

% = a5, V| = 0, V3F{A)-*FiB) = 0, d^J = , (3.2) 
^Only the case = = +1 is not possible, since we only have one time. 
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can be reduced, preserving all the unbroken supersymmetries, in the direction to a 
solution of pure Euclidean or Lorentzian {a^a^ = — 1,+1) = 2ai^,d = 4 SUGRA with 
metric and vector field given by 

9^^u = Qfiu - ag^i^g^i , = -^Vf, . (3.3) 

Conversely, any solution of pure Euclidean or Lorentzian = 2q,6,c? = 4 SUGRA can 
always be uplifted, preserving all unbroken supersymmetries, to a solution of Euclidean 
(ag = +1) or Lorentzian (ag = —1) N = 1, d = 5 SUGRA whose fields are related to the 
4-dimensional ones by 

% = «5, V| = 0, 

9,1 = a^A,, V, = -^V,, (3.4) 

where A^ is defined in terms of by 

F{A) = -i'^F(V) . (3.5) 

These are the essential formulae that we have to use for oxidation and reduction of 
solutions and generalize those obtained in the Lorentzian cases in ||5j. 

4 Maximally supersymmetric vacua of Euclidean = 
l,d = b SUGRA 

The most interesting solutions of A^ = (1,0), (i = 6 SUGRA to which the results of the 
previous sections may be applied are the maximally supersymmetric vacua since their 
reduction should give all the maximally supersymmetric vacua of Euclidean and Lorentzian 
N = l,d = 5 SUGRA. The only maximally supersymmetric vacua of A^ = (1,0), ci = 6 
SUGRA are 

1. Minkowski spacetime. 

2. The 1-parameter family of Kowalski-Glikman (KG6) Hpp-wave solutions found in 
Ref. [SI]. 

3. The 1-parameter family of solutions with aDSs x S*^ geometry found in Ref. ^| as 
the near-horizon limit of the self-dual string solution. 

From these three solutions, all the maximally supersymmetric vacua of Lorentzian 
A^ = l,d = 5 SUGRA, classified in pP can be found by dimensional reduction in a spacelike 
direction [3 12 El E] (see Figure El . They are 
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1. 



Minkowski spacetime. 



2. The 1-parameter family of Kowalski-Glikman KG5 Hpp-wave solutions solutions 
found in Ref. pT] . 

3. The 1-parameter family of solutions with aDSs x geometry found in Ref. |H2] as 
near-horizon limit of the extreme string solution. It coincides with the near-horizon 
limit of the critically-rotating (j = 1) BMPV black hole |33|- 

4. The 1-parameter family of solutions with aDS2 x geometry found in Ref. as 
near-horizon limit of the extreme (non-rotating) black hole solution. 

5. The 2-parameter family of = 2, c? = 5 solutions found in Ref. |3S] as the near- 
horizon limit of the supersymmetric rotating BMPV black hole solution. 

6. The 1-parameter family of Godel-like solutions found in p. 

7. A 2-parameter family of solutions found in |lj that has just been identified as the 
over- rotating (j > 1) BMPV black holes [Oj. 

Now we want to find non-trivial maximally supersymmetric solutions of Euclidean 
N = l,d = b SUGRA by dimensional reduction in a spacelike direction. As we are going 
to see, all of them can be obtained by Wick rotation of maximally supersymmetric vacua 
of Lorentzian N = l,d = ^ SUGRA. 

Let us consider the spacelike dimensional reductions of 

4.1 The aDS^ x S*^ vacuum 

aDS^ can be seen as a spacelike U{1) fibration over aDS2 with metric (for unit radius) 

dUl^ = i [t/n^^) - {dv + sinhxrf0)2] , (4.1) 

where 

rfn^2) = cosh^x^' - dx"" , (4.2) 

is the metric of aDS2 with unit radius, just as the round can be seen as a Hopf U{1) 
fibration over 5*^ with metric (for unit radius) 

cin^3) = i [dnf^) + (# + cos edifif] , (4.3) 

where 

dQf^^ = de^ + sin^ edifi"^ , (4.4) 
is the standard metric of S"^ with unit radius. 
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It is possible to perform spacelike dimensional reductions on linear combinations of 
these two fibers (i.e. of the coordinates t] and ip), obtaining the near-horizon limit of the 
extreme rotating BMPV black hole |2| (see Figure|2)). The metrics of all these 5-dimensional 
solutions are U{1) fibrations over aDS2 x 5^, the U{1) fiber being orthogonal to the one 
we have reduced over. 

It is also possible to see aDS-^ as a timelike U{1) fibration over the hyperbolic plane H2 
with metric (for unit radius) 

rfnjg) = i [{dt + coshx d(f)y - dHl^] , (4.5) 

where 

dHf'^ = sinh\d(j)'^ + dx^ , (4.6) 

is the standard metric of the hyperbolic plane of unit radius. We can perform further 
spacelike and also timelike dimensional reductions on linear combinations of these two 
fibers. The spacelike reductions give the near-horizon limit of the extreme over-rotating 
BMPV black hole [H] and here we are going to see that the timelike reductions give their 
analytical continuations to Euclidean signature. 

The maximally supersymmetric solution with aDS^ x 5''^ geometry is given by 

= RjdlP^^^ - -Ri(ifi(3) , 

(4.7) 

where Waoss ^"^^ ^(3) volume forms of the unit radius aDSs and metrics written 

above. Using the timelike U{1) fibration Eq. ()4.5|) we find that a convenient gauge for the 
2-form potential is 




= -R3/V2 [coshxdcj) Adt- cos Odif A dip] . (4.8) 
Rescaling t and ip by 2/R3 and boosting the metric in the direction ip 

t = 2/i?3(cosh^t' + sinh^V')> 

ip = 2/i?3(sinh^t' + cosh^V^') , 



(4.9) 



the solution takes the form 

ds^ = {df + A^'^f - {dip' + A^^^f - {Rs/2f[dHf^^ + dnf^^] , 

B- = -V2AW Adt' + y2A(^) ArfV', 
where A^^'"^^ are the 1-forms 



(4.10) 
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y4(*^ = i?3/2(cosh^coshx(i</) — sinh^ COS 6'(iy9) , 

(4.11) 

— Jl^ /2{cosh^ cos 9dip — smh^cosh.xd(f)) . 

The truncation constraints Eqs. ()2.H|1 are satisfied for = t' and = ip' and, thus, 
we can dimensionally reduce this solution to a maximally supersymmetric solution of Eu- 
clidean or Lorentzian N = l,d = 5 SUGRA. In the spacelike case we get 

ds^ = {df + A^'^f -{R^/2f[dHf^^+dQl^^], 

(4.12) 

V = -v^AW, F = -^i?3(sinhecu,z)52 + coshecu(2)) , 

which is the near-horizon limit of the extreme critically rotating and over-rotating BMPV 
black hole j = cosh^ is the rotation parameter. The critically rotating case has j = 1, 
i.e. sinh^ = and the fibration takes place only over the hyperbolic plane, giving aDS^. 
The total metric describes the solution aDS^ x For any other value of ^, j > 1, and we 
are in the over-rotating case. 
In the timelike case, we get 

ds^ = -{di)' + A^^^f -{R:,/2f[dHl^^+dn\^~^], 

(4.13) 

V = -v^AW , F = -^Rsicosh^ujH^ + sinhecj(2)) . 

These two solutions are related by a Wick rotation t itp V —>■ iV which has to be 
accompanied of ^ ^ — 27r/2 to make V real again. The Euclidean solution can also be 
obtained by a Wick rotation t ^ iip V ^ iV from the near-horizon limit of the extreme 
BMPV black hole accompanied of ^ — to make V real again. 

On the other hand, these solutions can be seen, respectively, as a timelike M or spacelike 
f/(l) fibration over H2 x S'^. 

Let us now consider the timelike dimensional reductions of 



4.2 The KG6 Hpp-wave vacuum 

As shown in |5|, the KG6 solution can be conveniently written substituting g^u completely 
by a Sagnac connection 1-form uj = Xlx^dx"^ — x^dx'^) whose main property is that du is 
anti-selfdual in the 4-dimensional Euclidean space spanned by 

ds"^ = 2du{dv + y/2uj) — dxl ) 

(4.14) 

= -2uj A du , 

and, using u = [t + z)/sqrt2, we can rewrite it in the form 
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ds^ = {dt + uf — {dz — u;)^ — dxl > 

(4.15) 

B- = -V2uj Adt- V2uj A dz , 

that shows that the truncation constraints Eqs. ()2.3|) are satisfied for = t and = z and, 
thus, we can dimensionally reduce this solution to maximally supersymmetric solutions of 
Euclidean or Lorentzian = 1, ci = 5 SUGRA. The spacelike dimensional reduction gives 
the Godel solution 

ds"^ = {dt + cj)^ — dxl ' 

(4.16) 

V = -V3uj, 
and the timelike reduction gives its Euclidean version 

ds'^ = —{dz — uj)'^ — dxl, 

(4.17) 

V = -V^u, 

that can be obtained by Wick-rotating t ^ iz, V ^ iV plus A —iX to make V real. 
These two solutions can also be seen as timelike M or spacelike U{1) fibrations over the 
4-dimensional fiat Euclidean space. 

No more timelike dimensional reductions satisfying the truncation constraints seem to 
be possible, and, thus, we do not expect any more maximally supersymmetric solutions of 
Euchdean N = l,d = 5 SUGRA. 

5 Maximally supersymmetric vacua of Euclidean N = 
2±,ti = 4 SUGRA 

Next, we are going to dimensionally reduce the maximally supersymmetric vacua of Eu- 
clidean and Lorentzian A^ = 1, ci = 5 SUGRA to find maximally supersymmetric vacua of 
Euclidean N = 2±,d = A SUGRAs. The maximally supersymmetric vacua of Lorentzian 
N = 2,d = A SUGRA^'' have been obtained by spacelike dimensional reduction of the 
vacua of Lorentzian N = 2,d = 5 SUGRA listed in Section |3] 

The only Lorentzian solutions that satisfy the truncation constraints for timelike reduc- 
tion seem to be Minkowski spacetime, the near-horizon (NH) limit of the critically rotating 
and over-rotating BMPV black holes (BH) Eq. ^~V^ and the Godel solution Eq. ^~T^i . 

^°A11 the solutions of Lorentzian TV = 2, d = 4 SUGRA that preserve some supersymmetry were found in 
|36| . The maximally supersymmetric vacua of the theory are just three: Minkowski spacetime, the dyonic 
Robinson-Bertotti solution T and the KG4 Hpp-wave solution [Sj. 
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The only Euclidean solutions that satisfy the analogous truncation constraints are the Eu- 
clidean NH limit of the rotating BMPV BH^^ Eq. ()4.13|) and the Euchdean Godel solution 
Eq. ()4.17|1 Let us study the non-trivial cases. 

5.1 NH limits of the extreme critically rotating and over- rotating 
BMPV BHs 

Using the formulae of Section El on the solution Eq. ()4.12|) we immediately get a maximally 
supersymmetric solution of Euclidean N = 2_,d = 4 SUGRA 

ds^ = -{R3/2f[dHl + dQl], 

(5.1) 

F = i?3 [smh^ujH2 + cosh,^co'(2)) , 

which is the Wick-rotated (0 = —it) version of the well-known dyonic Robinson-Bertotti 
solution f7|. Observe that, in order to have a real Euclidean solution, the Lorentzian 
electric-magnetic rotation angle has also been Wick-rotated ^ i^. 



5.2 The Euclidean NH limits of extreme rotating BMPV BHs 

Using the formulae of Section Elon the solution Eq. ()4.13|) we immediately get a maximally 
supersymmetric solution of Euclidean N = 2^,d = 4 SUGRA 

ds^ = -{Rs/2f[dHl + dQl], 

(5.2) 

F = Rs (cosh^ci;^/2 + sinh^(X'(2)) , 

This solution is related to the Euclidean dyonic Robinson-Bertotti solution by analytical 
continuation of the vector field V iV together with ^ ^ ^ — m /2. 



5.3 The Euclidean and Lorentzian Godel solutions and the flacuum 
solution 

The d = b Godel solutions are given in Eqs. ()4.1(i|l and ()4.17|1 . The formulae of Section IHl 
give, in both cases, the remarkable maximally supersymmetric 4-dimensional vacuum so- 
lution with constant anti-selfdual flux {flacuum) found in P 

{ds^ = —dxl , 
(5.3) 
V = 2u;. 

The triviality of the metric in presence of non-trivial matter fields is surprising at first 
sight, but it is not the first example of non-trivial Euclidean SUGRA solution with fiat 

^^As we have seen, the Wick-rotated NH hmits of the extreme over-rotating and un "under-rotating" 
BMPV BHs are identical. 
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spacetime: the Einstein-frame D-instanton metric j2Zj (and that of its 4- dimensional ana- 
logue j2ni) is also flat. In all these cases, the Euclidean version of the energy-momentum 
tensor vanishes identically, but for different reasons. In the D-instanton case the dilaton 
and RR 0-form energy-momentum tensors cancel each other on-shell. In the present case, 
ant i- self duality of the vector field strength makes the energy-momentum tensor vanish 
identically. This can be easily seen using Eq. ()A.28|) which tells us that, actually, the Eu- 
clidean version of energy-momentum tensor for any (anti-) selfdual Abelian or non-Abelian 
vector field vanishes identically and, thus, decouples from the metric^^. This implies that 
solutions such as the BPST instanton [SZ| are not just solutions of the Euclidean Yang- 
Mills equations on with the standard metric, but they are also solutions of the full 
supergravity equations, provided that the metric satisfies the vacuum Einstein equations. 
We will discuss this and similar solutions in the next section. 

The above solution is guaranteed to be maximally supersymmetric in both Euclidean 
N = 2±,d = 4 SUGRA. It is worth studying how the Killing spinors integrability conditions 
are satisfied. They take the form^'^ 

+ iT[^|p|7^] + i )^ {F,. + *i^p.7«) } e = . (5.4) 

In the case at hand the first term vanishes identically because the space is fiat, the 
second because of the anti-selfduality of the vector field strength and the third and fourth 
because the field strength is covariantly constant (constant in Cartesian coordinates). 

(Anti-) selfduality implies flatness and, then, covariant constancy determines a unique 
solution (up to 5*0(4) rotations). Suppressing this last requirement allows for more solu- 
tions^^ which would only preserve a half of the supersymmetries. 

This solution preserves all supersymmetries and the Killing spinors depend on all co- 
ordinates: 

e(x)=exp{-| TOeo, (5.5) 

where eo is a constant spinor and ^ = x'^'-f^. Using the anti-selfduality of F, we can rewrite 
the exponent in this form 

-|/^^ = -i/^,x^(l-7»), (5.6) 

where (7")^ = 1 in this case. This implies that — ^^d, thus, the Killing spinors 

can be written in the form 

e{x) = {l-\r,x^{l-^^)}eo. (5.7) 

If we split our complex Dirac spinors into chiral halves, we see that the positive chirality 
Killing spinor is simply constant, as in empty Euclidean space, and the negative chirality 
Killing spinor has a x-dependent deformation with respect to that of empty Euclidean 

^^But not the other way around since (anti-) selfduality is established with respect to a given metric. 

^^For simplicity we consider the — —\ case. 

^"^For instance, A = dx^ jr + cos6d(p in spherical coordinates. 
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space which induces a deformation of the supersymmetry algebra PH E] that affects only 
to negative- chirality objects. Using the methods of jHEl and the notation of EO], and 
using 4-component complex (Dirac) spinors, we find the following non-vanishing (anti-) 
commutators 

{QlyQm} = (7V)./.i^(a)-[7^i(l-7«)]./3M, 

(5.8) 

[Qia),M] = -Q(^)r,(M)/5„, 

[Pia),M] = -P(,)r,(M)\. 

The bosonic generators P(^a) of this algebra are associated to the translational Killing 
vectors da- The bosonic generator M is a Lorentz (S'0(4)) rotation ^F'^'^Mab where the 
Lorentz generators Mab are associated the Killing vectors —2x[adb]- Both the PqS and M 
act on spinors through their spinorial representations 

r.(P(a))^= [i fa(l-7»)]^, r,(Mf.= [i ^]\=[l f(l+7»]^, (5.9) 
and on vectors through the vector representation 

r,{M)\ = -F\. (5.10) 

This superalgebra is a deformation of the standard Poincare N = 2, d = A superalgebra. 
This is a common property of all the maximally supersymmetric vacua of = 2, c? = 4 
SUGRA. However, this deformation is particularly interesting because the bosonic trans- 
lations algebra is not modified and, actually, only the anticommutator of the negative 
chirality part of the supercharge is deformed and this deformation induces a deformation 
of the anticommutator of the fermionic superspace coordinates of negative chirality |H] . 

The relation between the flacuum and Godel solutions (whose Killing spinors are, ac- 
cording to our results, absolutely identical) implies a relation between their superalgebras 
which is important to understand. The only difference between them is the occurrence 
in the Godel superalgebra of the bosonic generator P(o) associated to time translations in 
the anticommutator of the supercharges and, more importantly, in the commutator of the 
generators associated to space translations P(a). If we write the Godel solution Eq. ()4.16|1 
in the gauge in which the 1-form uj takes the form 

CO = ^Fabx''dx\ a, 6 =1,2, 3, 4, F,2 = -Fu = \, (5.11) 
we find the Killing vectors^^ 

^^There are more Killing vectors, but they are not relevant insofar they do not appear in the anticom- 
mutator of the supercharges. 
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dt, da-lFabx'dt, -iF'^'xadh, (5.12) 

associated, respectively, to the generators of time and space translations P(o) and P^a) and 
to the rotation M. The non-vanishing (anti-) commutators of the Godel superalgebra are 

[Qw,P(a)] = -Q(/3)r.(P(.))^, 

(5.13) 

[Qia),M] = -Q(^)r,(M)/^„, 

[P(,),M] = -P(,)r,(M)\, [P(,),P(,)] =P,6P(o). 

In this background space translations commute only up to a time translation, because 
space translations Sx"" have to be compensated by a time translation 6t = ^F^-^Xb to leave 
the metric invariant. This deformation is interesting because is suggests that string theory 
quantized in the Godel background will give a non-commutative theory in which, instead 
of modifying the commutator of positions, it is the commutator of momenta which are 
deformed as above. Supersymmetry requires a corresponding modification of the anticom- 
mutator f the supercharges as in the flacuum solution. 

In the dimensional reduction to the flacuum solution the generator P(o) becomes a cen- 
tral charge that generates gauge transformations of the Kaluza-Klein vector field. Actually, 
it is easy to check that space translations only leave the vector field of the flacuum solution 
up to gauge transformations with gauge parameter |P°*X6. In this sense, the flacuum su- 
peralgebra is not complete and one should add P(o)S as in the Godel superalgebra. However, 
if we are considering only t-independent 5-dimensional configurations which correspond to 
solutions with zero P(o) charge, the difference is immaterial. In = 2, c? = 4 SUGRA there 
are no charged perturbative states in A^ = 2, c? = 4 SUGRA, but non-perturbative states 
that would be associated to 5-dimensional KK modes with non-trivial time dependence are 
charged with respect to P(o) and would feel the non-commutativity of the momenta. 



5.4 The flacuum solution as an Abelian instanton 

Another interesting aspect of the flacuum solution is its possible interpretation as an in- 
stanton. This is only possible if the space is compactified into a to make the action 
integral finite. This is, also, a base space on which the U{1) gauge group can be non- 
trivially fibered. Euclidean Yang-Mills solutions on T*^ have been thoroughly studied in 
the literature^^ and we are simply going to apply the known results to the present case. 

""^^See, for instance the pedagogical review 41' whose notation we wih loosely follow. In particular we 
use the period vectors (a)'^ = (5(a)'^^*-''-', where summation is not to be made over indices within parenthesis. 
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To compactify the solution on we take the quotient of by the Abehan group 
of discrete translations along the four coordinates with periods l"". The vector field of 
our solution, which we rewrite for convenience in a new gauge 

V = X{x^dx^ - x^dx^ - x^dx^ + x^dx^) = FabX^dx^ , (5.14) 

is not strictly periodic on T^: when we move around the a-th period from x to x + a it 
changes by a gauge transformation 

V{x + d) = V{x) + dAa{x), Aa{x) = &^F^a)bx\ (5.15) 

where Aa{x) are the U{1) parameters, defined modulo 27r. Consistency requires that V{x + 
d + b) = V{x + b + a), that is 

Aa{x + b) + Ab{x) = Ab{x + d) + Aa{x) mod(27r) , (5.16) 
which in our case implies 

Xff = 7Tn, A/3/4 = vrm, (5.17) 

for two integers n, m that label the possible non-trivial bundles, the topological number 
being given by their product nm. The Euclidean action of these SUGRA solutions is, 
therefore, in our conventions 

S = -47i^\nm\ . (5.18) 

Let us consider now taking the quotient on the spinor bundle, which requires making 
the identifications 

e(x + a) = exp{-^ /7{a)}e(x) ~ e(x) , (5.19) 

consistently. These transformations are not 5*0(4) rotations but are still elements of the 
bigger holonomy group of the supercovariant derivative of = 2, c? = 4 SUGRA, which, 
by arguments similar to those in 1^ can be shown to be S'L(4,]R), and, in this sense, 
from this more general point of view, they should be admissible. 

On the other hand, the consistency of these identifications is ensured by the fact that the 
above transformations are indeed a representation of the commutative Z4 group of discrete 
translations: the generators of translations in the x"' directions, P(a) are represented on the 
spinors by the mutually commuting operators Ts{P{a)) given in Eq. ()5.9|1 . 

The consistency of this construction has interesting implications: the compactness of 
the gauge group (f/(l) instead of M), reflected by the periodicity of the gauge parameters 
Aa{x) implies the compactness of the d = 5 time coordinate. All the vacua of A^ = 1, c? = 5 
SUGRA (except the KG5 Hpp-wave) seem to be non-trivial spacelike or timelike fibrations 
over 4-dimensional Euclidean space or over H2 x S"^. 

In this respect, it is remarkable that the only solutions that can be reduced consistently 
in the timelike direction (preserving all supersymmetries) have closed timelike curves or 
(in the j = 1 closed lightlike curves. 
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Figure 2: Relations between the d = 4,5,6 vacua with 8 supercharges. Dimensional reduc- 
tion in spacelike direction is represented by arrows with black arrowheads and in timelike 
directions with white arrowheads. The ellipse and hyperbolas represent the families of 
near-horizon limits of rotating and over-rotating extreme BMPV black holes. In particu- 
lar, the elements a and f3 of these families have the geometries of aDS'2 x and aDS^ x S'^. 
Dotted lines indicate that the corresponding solutions are related by a Penrose-Giiven-like 
limiting procedure. 



6 (Anti-) selfdual vacua in Euclidean SUGRA 

It is not difficult to construct generalizations of the flacuum solution. Let us consider a 
(p + 1) form potential ^(p+i) with field strength -F(p+2) = c^^(p+i) coupled to d-dimensional 
gravity: 



The Einstein equation is 

^i-IJ-u 2^/**^ 2(p+l)! /ii^ ' 

where the energy-momentum tensor is given by 
or, equivalently, by the more useful expression 



2 

2-(p+2)!-^(p+2) 



fxu - {p+2)m ^ {p+'^)^PvPp+l 2-(p+2)yj"'^ (p+2) 



(6.1) 



(6.2) 



(6.3) 



^ixv 2 L (P+2)/" -^{P+2) 



- a*F(p+2)/^-''^+^*i^(p+2).p,..,,+J , (6.4) 
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where p = d — p — 4. 

We are interested in solutions with vanishing energy-momentum tensor. A necessary 
condition for the energy-momentum tensor to vanish is that its trace does. Using ()6.3|1 we 
find that 



rp{p+l)fj. 



1 - 



2(p+2) 



-2) ' 



(6.5) 



which vanishes when F^p^^) = or when p + 2 = d/2. For non-trivial potentials, the first 
case is only possible in Lorentzian signature, but we know that the Lorentzian energy- 
momentum tensor only vanishes for vanishing field strengths. Thus, a vanishing energy- 
momentum tensor is only possible in Euclidean signature for d = 2(p + 2) and, using ()fj.4j) . 
it requires 



i^(p+2)/^-^^+^i^(p+2).p,..p,+i = '^i^(p+2)/^-''''+^'^i^(p+2).p,..p,+i , (6.6) 

which can be solved in any even dimension: in d = An using (anti-) selfdual field strengths 
(as we have seen in d = 4) and in ci = 4n + 2 using configurations which would be (anti-) 
self-dual in Lorentzian signature. For example, in c? = 6 we could use F(3) 123 = -^(3)456 = A 
which has F(3) 123 = — *-^(3) 123 but F(3) 123 = +*-^(3) 123 (i-e. not definite selfduality proper- 
ties) but clearly satisfies the above condition. 

Unfortunately, these simple Ansdtze for fiacuum solutions do not work in presence of 
scalars such as the string dilaton that couple to Still, since the sign of the Euclidean 

"kinetic" terms and energy-momentum tensors is not uniquely defined^^, it is possible that 
the energy-momentum tensors and their contributions to the source for the dilaton of two 
fields cancel each other. Examples of these solutions are provided by the dimensional 
reduction in the time direction of the supersymmetric Godel solutions of N = l,d = 11 
SUGRA found in ^U]. These solutions take the form 

{ds"^ = {dt + CiUO^'Y - dxiQ , 
(6.7) 
G = jaijduj^ A duj^ , 

where the u^s are 1-forms defined by 

uj' = a;(')dx^+(') - , (6.8) 

and where the constants q and Ojj (with an = 0) have to satisfy the following two condi- 
tions: 

where the r^^j^^"^ symbol is one is all its indices take different values and zero otherwise. It 
is convenient to label the solutions of this family by the two vectors of constants 

^^They depend on whether the Lorentzian field is a tensor or a pseudotensor, as the KK vector genericaUy 
turns out to be. 
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(ci, C2, C3, C4, C5) , (ai2, ai3, ai4, 015, 023, 024? 025, 034, 035, 045) . (6.10) 

The supersymmetry of some explicit Godel solutions was studied in jTU] and some 
examples are given in the table ^ 









# Susies 


(i) 


A(1,1,0,0,0) 


A(0, -2,-2,-2,-2,-2,-2,0,0,0) 


20 


(ii) 


A(1,1,1,1,0) 


A(4,0,0,-2,0,0,-2,4,-2,-2,-2) 





(iii) 


A(l,l,l,-1,0) 


A(4,0,0,-2,0,0,-2,4,-2,-2,+2) 


20 


(iv) 


A(1,0,0,0,0) 


A(2,0, 0,-2, 0,0, 0,2, 0,0) 


8 


(v) 


A(2,l,l,l,l) 


A(-6,2,2,2,0,0,0,4,4,4) 


18 



Table 1: Some Godel solutions of N = l,d = 11 SUGRA. The first example gives, after 
dimensional reduction, the maximally supersymmetric Godel solution of N = l,d = 5 
SUGRA Eq. ()4.16|) and, therefore, it also gives rise to the flacuum solution Eq. ()5.3|) . 

It is clear that the timelike reduction of any of these Godel spacetimes gives a flacuum 
solutions of Euclidean type llA SUGRA with flat metric and RR 4-form and 1-form given 
by 

ds — dcc-^Q ^ 
< = Ciduj\ (6.11) 

It is important to understand how the vanishing of the energy-momentum tensor takes 
place and why the dilaton is constant in this case. The action of the Euclidean type II 
SUGRA obtained by dimensional reduction from standard, Lorentzian 11-dimensional 
SUGRA is given by 

S = Jd'^x^\{e-'^[R-4{d<j>f-^anH'] + \auG('^' - ^G^^^' 

(6.12) 

This action differs from the type IIA action by the occurrences of an's, the definition of 
the various field-strengths staying the same^^. Observe that, to obtain this bosonic action 
by a standard Wick rotation one has to consider both the RR 1-form and the NSNS 2-form 
pseudotensors. 

The RR 1- and 3-form kinetic terms G*^^^ ^ and G*-^-* ^ have opposite signs when au = +1 
and the dilaton does not couple directly to them in the string frame, but only through the 

^^Our conventions here are the same as in Ref. |44|. 
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Ricci scalar. Thus, the exact cancellation between the respective "energy-momentum" 
tensors which makes the metric fiat is enough to render the dilaton constant. 

To end this section, let us observe that the BPST instanton 37: also provides an 
example of fiacuum solution since its energy-momentum tensor is identically zero because 
of the (anti-) self duality of its field strength on the round S^. Thus, it is a solution of the 
Euclidean Einstein- Yang-Mills theory with positive cosmological constant proportional to 
the square inverse radius of the sphere. The embedding of this solution in a supergravity 
theory is more problematic because a DS-tjpe gauged SUGRA would have to be used. It 
should be possible to uplift the solution to Euclidean purely gravitational d = 7 solution 
with the S'^ metric ^Hj 

6.1 waves, lightlike reductions and flacuum solutions 

The fact that the N = 2,d = A flacuum solution originates in a timelike and spacelike 
dimensional reduction of the KG6 Hpp wave suggests that there must exist a relation 
between this kind of solutions and pp-waves. 

pp-wave metrics can always be put in the form 

ds'^ = 2du{dv + Kdu + Aidx^) + gijdx^dx-' . (6.13) 

where all the functions in the metric are independent of v. K or Ai can be removed 
by coordinate transformations that preserve the above form of the metric, but we will 
keep both. Furthermore, we are going to assume independence on the second light-cone 
coordinate u 

The components of the dimensional Ricci tensor are 

Rij = Rij, 2Riu = ViFji, R^ = Vid^K -\F\ (6.14) 

where all the objects without hats are calculated with the d = {d — 2)-dimensional Eu- 
clidean wavefront metric g^j and where Fij = 2d\iAjy The Ricci scalar is just R = R and, 

therefore, (i-dimensional vacuum Einstein equations Gf^p = imply the ci-dimensional vac- 
uum Einstein equations Gjj = 0, the vacuum Maxwell equation in the background metric 
V jF^- = and the scalar equation of motion \/^K = ^F^. 

This is similar to the result of a Kaluza-Klein reduction, except for the fact that neither 
the scalar nor the vector field contribute to the Euclidean "energy-momentum" tensor^^ 
as in fiacuum solutions. Actually, the fiacuum solution can be embedded in a purely 
gravitational d = 6 pp-wave with K ~ A|x4p. Another wide class of similar solutions is 
given by 

F,i = 2V,H, F^. = e.^. 1 v,if K = H\ V^H = 0. (6.15) 
- yl^l 

""^^Since either of them can be removed by reparametrizations, only one of them may contribute. 
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It is possible to perform dimensional reductions in one liglitlike dimension but it 
does not very useful as the resulting theories have singular metric. The above observation 
suggests that lightlike reductions should be made in the two light-cone coordinates to give a 
Euclidean d— 2-dimensional theory that has essentially a metric an a vector field constrained 
to have vanishing energy-momentum tensor and to satisfy the constraint = AV^K for 
some scalar K. In = 4 it is possible to define Euclidean theories in which the selfdual 
or anti-selfdual parts of the spin connection are the only variables. It might be possible to 
construct a theory in which only the selfdual or anti-selfdual part of F occurs and we can 
speculate that this kind of theory is the one associated to lightlike dimensional reductions. 

7 Limiting Solutions 

Apart from the dimensional reduction from the KG6 solution, there is another way of 
obtaining the Godel solution through a limiting procedure which is very similar to the 
Penrose-Giiven limit jUl EH] that relates aDSn x S*™ supergravity vacua to Kowalski- 
Glikman-type Hpp-wave solutions and in general any supergravity solution to a plane wave 
solution with equal or larger number of isometries and supersymmetries [1^ l5Uj . 

Let us consider the NH limit of the extreme over-rotating BMPV BH Eq. fl4.12|) . Its 
^ — i> limit is well defined and gives the vacuum with aDS^ x S"^ geometry. The naive limit 
^ — s> oo is singular, though, but can be made regular by using the following observation: 
under the field rescalings 

e\^e~^e\, V e'^V , (7.1) 

the action of = 1, = 5 SUGRA Eq. ()2.4|1 scales homogeneously S — >• e~'^S. Then, we 
can combine this rescaling that transforms solutions into solutions with the reparametriza- 
tion 

X ^ ex , e ^ eO , et + i?3/2(cosh ^0 - sinh ^cp) , (7.2) 

and the gauge transformation of the vector field 

SV = ^i?3(cosh ^dip - sinh ^d(f)) , (7.3) 

and take the double limit ^ — > oo, e — 0, whilst keeping the product esinh^ = 1. The 
result is the solution 

ds^ = [dt + R^/A{x^d(t)-e^d^)f-{R^/2f[dx^ + x^d(f + de^ + e^d^^], 

(7.4) 

V = fR,(9'dp, + x'd^), 

which is the Godel solution Eq. ()4.1(ij) in polar coordinates with A = I/-R3. 

In this limit the number of supersymmetries and symmetries has been preserved. Ob- 
serve that the gravitino supersymmetry rule Eq. ()2.5p S^ip^ is invariant under the above 
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field rescalings. Actually, the arguments of ^\ for the Penrose-Giiven limit apply 
equally to this kind of limit. 

In the remaining of this section we are going to apply it to two cases: the Euclidean 
Robinson-Bertotti solutions of = 2±, = 4 SUGRA Eqs. (IEH),(IE2I) and the aDS5 x 5*^ 
solution of ci = 10 type IIB SUGRA. 

7.1 The limit of the Euchdean Dyonic Robinson-Bertotti solu- 



The action and gravitino supersymmetry rule of A^ = 2, = 4 SUGRA also transform 
homogeneously under the rescalings Eq. ()7.H1 and we can use them to take a smooth 
limit of the Euclidean dyonic Robinson-Bertotti solutions Eqs. ()5.1|1 . ()5.2|1 . exactly as in 
the previous case. The calculations are clearly identical and the result is, not surprisingly 
the flacuum solution Eq. ()5.3|) . 

7.2 Boosted Hopf oxidation of aDS^ x 

It is well known that can be seen as an fibration over CP^. In it was observed 
that the aDS2n+i spacetimes can also be seen as a timelike fibration over a non-compact 
version of CP*^, which the authors called CP . This construction was, then, used to derive 
solution in the Euclidean IIA theory via timelike T-duality. 

The relation of the NH limit of the extreme BMPV BH solutions to the A^ = (1, 0), ci = 6 
vacuum aDS^ x 5''^, however, shows that in general we before performing dimensional 
reduction or a T-duality transformation one can mix the fibers of the sphere and the 
aDS spacetime by a rotation, if both fibers are spacelike, or by a boost if one is spacelike 
and the other is timelike. 

In the case of aDS^ x the only mixing that we can do is a boost on the timelike 
fiber in the aDS 5 and the spacelike fiber for the S^. After the boost, we have basically 
2 options: T-dualize over the new timelike direction, obtaining a generalization of the 
solutions discussed in , or T-dualize over the new spacelike direction, which will lead to 
a solution similar to the NH limit of the extreme over-rotating BMPV BH, and that will 
contain the aDS^ X CP^ X M solution as a special limit. 

Let us write the aDS^ x 5*^ solution as 



tions 






(7.5) 




where we have introduced = 1,2) the metrics 
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dz^dz'^ z'^dz'^ z^dz^ , • z'^dz'^ — z^dz^ 

W - l + |^|2 (l+|z|2)2 ' ^ - 2 i+|^|2 ' 

(7.6) 

a;cp2 and Ci;{;.p2 being their corresponding volume 4-forms. 

Boosting on the {t, ?/)-plane, with boost parameter (3, T-duahzing over y and hfting the 
solution up to M-theory, we find the solution 



dsf^ = {dt - cosh (3 B -sinhpAf - rfCPf^, - rfCPf,, - dMf^, , 

(7.7) 

G = 4 cosh P a;cp2 — 4 sinh /3 a'|^jp;2 — [sinh PdB + cosh /^c/A] A dx^ A . 

Now we can take the (3 oo limit using the fact that the action for the bosonic fields 
of M-theory scales homogeneously under the field rescalings 

We perform the above rescaling and a change of coordinates 

t^et, C ^ £C , ez' , x' ex' , (7.9) 

and now take the double limit /? — oo e — > with sinh j3e = 1. It is readily seen that the 
limiting solution is the n = 4 Godel spacetime that preserves 20 supersymmetries 



8 Conclusions 

In this paper we have explored the relations between maximally supersymmetric vacua of 
d = 4, 5, 6 Euclidean and Lorentzian SUGRA theories with 8 supercharges and we have 
found that the maximally supersymmetric graviphoton background of fl^ |Sj which we 
have called fiacuum solution is related to the maximally supersymmetric Godel solution by 
timelike dimensional reduction, a situation that can be generalized to higher- dimensional 
Godel solutions of M-theory, for instance, and higher- dimensional fiacuum solutions, of 
Euclidean type II theory, for instance. 

We have studied other instances in which Euclidean solutions with vanishing energy- 
momentum tensor appear, as in the ( "double" ) lightlike dimensional reduction. 

Apart from the relations between solutions via spacelike and timelike dimensional re- 
duction and oxidation we have found a limiting procedure similar in may respects to the 
well-known Penrose-Giiven limiting procedure that, instead of giving plane- wave space- 
times gives, at least in the examples considered, Godel solutions. 

The main interest in fiacuum solutions, for the moment, seems to be due to the fact 
that their superalgebras are small deformations of the superalgebra that "defines" the 
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SUGRA theory in question. All the maximally supersymmetric vacua if a given SUGRA 
have, in fact, a symmetry superalgebra that can be seen as a deformation of the SUGRA 
superalgebra in which some central charges are activated and these, together with some 
momenta, are given non-trivial commutation relations between them and with the super- 
charges. These new non-vanishing commutators and the central charges vanish for some 
value of the deformation parameter. 

For instance, the (Lorentzian) N = 2,d = A Poincare superalgebra is given by the only 
on-vanishing anticommutator (in a Majorana basis) 

{Q{ai), = -ih{C-i'')apPa + iCaptijQ + {C'^->)aptijP , (8.1) 

where Q and P are the central charges. All the bosonic charges commute. Now, let us con- 
sider different maximally supersymmetric vacua of this theory. Minkowski spacetime has 
the same superalgebra, with vanishing central charges. The superalgebra of the Robinson- 
Bertotti solution {aDS2 x S"^) has the same anticommutator but, now, the six bosonic 
charges generate an SO {2, 1) x SO (3) Lie algebra 

[Q,Pi] = ^Ps, [Q,Po] = i^i, [Pi,Po] = -TfeQ, 

(8.2) 

[P,P,] = ^Ps, [P,P3] = -^A, [P2,P3] = 

that become again Abelian when the aDS2 and 5*^ radius R2 goes to infinity. The commu- 
tators of the supercharges and these bosonic generators also become nontrivial and have a 
similar behavior. 

Another examples is provided by the KG4 Hpp-wave solution |6|. The supercharges of 
its symmetry superalgebra also have the same anticommutator as above, but now the six 
bosonic charges generate the Heisenberg algebra with non-vanishing commutators 

[Q,Pi] = -|P,, [P,P2] = -|P., [P., Pi] = XQ, 

(8.3) 

[p„,P2] = AP, [p„,g] = -|Pi, [p„,p] = -fP2, 

that also becomes Abelian in the A — > limit. 

The maximally supersymmetric aDSn x S"^ vacua of 11- and 10- dimensional supergrav- 
ities can also be seen as deformations of the Poincare superalgebra and the same is valid 
for Hpp-wave backgrounds. 

It is natural to expect that quantum theories defined in these backgrounds satisfy some 
non-commutative generalization of the Heisenberg algebra. 
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A The detailed dimensional reductions 



The dimensional reduction of the Einstein-Hilbert term is identical in the two cases = 
(1,0), d = 6 and N = l,d = 5 SUGRA. Further, in both the timelike and spacelike cases 
we can make the Ansatz 

( e/ kA^ \ ( Ca^ -Aa \ 

(e/) = h (ea^) = , (A.l) 

\ / \ k^^ J 

where Aa = Ca^A^. All c?- dimensional fields with Lorentz indices will be assumed to have 
been contracted with the d-dimensional Vielbeins. 

This Ansatz gives the following non-vanishing components of the Ricci rotation coefficients 

^abc = ^abc , ^abi = ^Oi^Fab , ^a^ = l<^d9a log k , (A. 2) 

and of the the spin connection tu-g- 

f^abc = ^^abc, ^^abt, = —\<^d^Fab-, 

(A.3) 

f^^bc = ^a^kFbc, uj^bi = adbhgk, 

where 



Fab = ea^eiTF^, , F^, = 29[^A,] , (A.4) 

(which we will also denote by F{A) in presence of other vector fields) is the KK vector 
field strength. The standard procedure gives the KK-frame action 

S = j dh ^/W\R = j d^-^x^\ k[R+ \a^k^F^] . (A.5) 

The sign of the Maxwell term in the timelike case is unconventional because we would 
get the opposite sign by Wick-rotating the standard Lorentzian Maxwell action. However, 
it cannot be deemed as "wrong" since there is no propagation, no concepts of motion or 
energy in Euclidean space. On the other hand, if we Wick-rotated a pseudovector field we 
would get precisely the above sign. 

A.l iV = (1, 0), d = 6 SUGRA 

In the reduction of the action of = (1, 0), (i = 6 SUGRA Eq. ()2.H) to = 5 we have to 
take into account the anti-selfduality constraint, which can be imposed on the action after 
dimensional reduction, just as in the reduction of A^ = 25, d = 10 supergravity on a circle 
pij . Thus, we first perform the naive dimensional reduction of Eq. ()2.1|) . 

We can use our previous results for the reduction of the Einstein-Hilbert term and we 
only need to reduce the 2-form kinetic term. The reduction of H~ gives a 3- and a 2-form 
field strengths 
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Habc = K,^, H = 3[dB-lAF{B)-lBF{A)] 

FatiB) = k~'H;,^, F{B) = 2dB, 

where 



(A.6) 



Bf^u = B^y — A[^B,y] , B^ = . (A. 7) 

The anti-selfduahty constraint becomes 

= -k-^F{B) ^ H = aek-^'^FiB) . (A.8) 

We immediately get 

(A.9) 



S = j d^x^/\^\k[R + laek^F^iA) + \a^k"^F\B) + j-^H^] . 

As in Ref. we Poincare-duahze the 2- form into a third vector field and then we 
identify it with B^ in the action, that is left with the metric and the unconstrained vector 



fields Afj, and B^ and takes the form 



S= [ (fx^\k [R + \afsk'^F'^{A) + ^aek-^F^B) - a^^^k-^F{A)F{B)B] . (A.IO) 

The truncation to pure supergravity involves setting to zero the scalar k = 1 consis- 
tently, i.e. in such a way that its equation of motion is always satisfied. The k equation of 
motion with k = 1 (upon use of Einstein's equation) implies the constraint 

F\B) = 2F''{A) . (A.ll) 

We also have to set to zero the gaugino A and the matter vector field Wf^, which must be 
a combination of A^ and B^ related to A by supersymmetry. Thus, to identify W^, we have 
to analyze the reduction and truncation of the gravitino supersymmetry transformation 
rule Eq. JO))- 

The 6- and 5-dimensional gamma matrices are related by 



I®aJ/V=f , (A.12) 



where the 7"s Lorentzian or Euclidean 5-dimensional gamma matrices satisfying 7o ■ • • 74 
I and 7i ■ ■ ■ 75 = il- 
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Using this relation, the decompositions of the spin connection and 3-form field strength, 
the anti-selfduality constraint Eq. ()A.8|) . the chirahty of e"*" and assuming that the super- 
symmetry parameter e"*" is independent of and setting = 1, we find 

(A.13) 

where |(1 + cr^)e+ = e. 

ip'^ is to be identified with the 5-dimensional gravitino |(1 + o'^)'4^a — '4'a- i^'l only 
transforms into vectors and it is to be identified with the gaugino |(1 + 0"^)^^" = A. This, 
in turn, implies that the combination of vector field strengths in the r.h.s. is proportional 
to F{W) (for k = 1). The field strengths of V and W must be an S0{2) rotation of those 
of A and B to preserve the canonical normalization and diagonal form of the kinetic terms 
in the action. The right combination is that in which A only transforms into W and not 
into V: 

F{V) ^ ^^F{A) - ^^a,F{B) , 

(A.14) 

FiW) ^ ^^a,F{A) + ^^F{B). 
Setting = (to make consistent A = 0) implies the constraint 

V2aGF{A) = -F{B) , (A.15) 

which implies the constraint Eq. (jA.llj) . 

Therefore, we can truncate the vector multiplet setting consistently A; = 1, A = 0, = 
0. The result is the action of pure Lorentzian or Euclidean N = 1, d = 5 SUGRA Eq. ()2.4|) 
and its gravitino supersymmetry transformation law Eq. ()2.5|1 . 

A.2 iV = l,d=5 SUGRA 

The reduction of the Einstein-Hilbert term in the action Eq. ()2.4p goes as in the previous 
case. The reduction of the Maxwell field Vfi gives rise to a (i-dimensional vector field that 
we denote by -B^ and a scalar /: 

Vi = l, V^ = B^ + IA,. (A.16) 
As for the field strength, we define F^u{B) and the combination Qab = Fab 

F,,{B) = 2d[^B,] , g = F{B) + IF{A) , (A.17) 
where F[A) is the KK vector field strength. Taking into account 
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Fai = k^'dj (A.18) 

we find that the reduction of the Einstein- Hilbert and Maxwell terms of the action Eq. ()2.4|1 
gives 

j d^x^/\i\ k[R+ \a^a^k-^{dlf + \a^eF\A) + \af,G^] . (A.19) 

The reduction of the Chern-Simons term is identical for both the timelike and spacelike 
cases, using e"''^'^tt = ^abcd^ gives after integration by parts the d = 4 action 

(A.20) 

This theory is pure (Euclidean a^a^ = —1 or Lorentzian agcts = +1) N = 2,d = 4 
SUGRA theory coupled to a "matter" vector supermultiplet that contains a vector and the 
two scalars k and / PU]. The matter and supergravity vector fields are combinations of the 
two vectors A, V. To identify the mater vector field we can use the fact that eliminating 
a matter supermultiplet is always a consistent truncation. The equations of motion of k 
and / after setting k = 1 and I = give the constraints 

Sa^F^A) + aeF^B) = 0, 

(A.21) 

[VSF{A) -*F{B)]F{B) = 0. 
The second constraint is solved by 

V3F{A) - *F{B) = 0, (A.22) 

which also solves the first^''. This implies that the matter vector field that we denote by 
Wf^ is proportional to the combination \/3F(B) — *F(B) or to its Hodge dual, at least 
for the k = 1, 1 = case. The orthogonal combination will be the field strength of the 
supergravity vector that we will denote by V^. 

To fully identify the supergravity and matter vector field strengths we have to check 
the consistency of the truncation from the supersymmetric point of view, that is, in the 
gravitino supersymmetry transformation rule Eq. ()2.5|) (adding hats everywhere). Assum- 
ing that the supersymmetry parameter e is independent of the internal coordinate so it can 
be identified with the 4-dimensional one e we get and setting from now on k = 1 and / = 

^°Observe that we have = — agas^^ and **F = — aeasF because a^a^ = +1 corresponds to 

Lorentzian signature and a^a^ = — 1 to EucUdean signature. 
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= {v„-ia5fa(A)7«-^af[/^(S)7a + 2/^.(5)]} 6, 

(A.23) 

= -^«5{v^m)+m7"}e, 

where 7" = 7" with a = 0, 1,2,3 in the Lorentzian case a^ae = +1, and a = 1,2,3,4 in 
the Euchdean case a^a^ = — 1, and 7" = 7" is a matrix proportional to the 4-dimensional 
75. It can be shown that 

(A.24) 

f7» = 

and using these identities we can rewrite the gravitino supersymmetry transformation rule 
as follows: 



8^6 



3/2 



(A.25) 

The components ipa clearly become the 4-dimensional gravitino ipa- The internal com- 
ponent of the gravitino only transforms into a combination vector field strengths and, 
thus, it can be identified with the gaugino A of the matter vector multiplet. The combina- 
tion of vector field strengths is proportional to the matter vector field strength F{W) (for 
k = 1 and I = only), in agreement with the constraint Eq. ()A.22|1 found in the truncation 
of the action. The normalization factor and the definition of the supergravity vector field 
strength F{V) are found by imposing the diagonalization and correct normalization of the 
energy-momentum tensors of the vectors in the Einstein equation: the r.h.s. of the Einstein 
equation contains 



- la^T^^iA) - laeT^,{B) , (A.26) 

where T^^, the energy- momentum tensor of a vector field in four Euclidean or Lorentzian 
dimensions, is usually written in the form 

T^, = F/F,p - lg,,,F^ , (A.27) 
but can be rewritten in the more useful form 

T^, = i [F/F,, + a,ae'F/'F,,] . (A.28) 

This still leaves some ambiguities in the identification of the supergravity vector field, 
but they are irrelevant when W = and lead to a unique relation 
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F{V) = 2a5ae*F{A) . (A.29) 

Now we can eliminate consistently the gaugino A, the matter vector field and 
scalars k and /, getting the bosonic action^^ and gravitino supersymmetry transformation 
rule which are given in Eq. ()3.1|) . 
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